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Abstract: A two-tissue reversible compartment model is solved by Laplace transform method
for kinetic modeling of [18F]2-fluor-2deoxy-D-glucose(FDG), in order to quantify amyloid in
Positron Emission Tomography(PET) image. A reverse engineer technic is applied to determine
the input function(Ca(t)), that represents the time-course of tracer concentration arterial blood.
Ca(t) is obtained by non-linear regression, and, noninvasively from the time–activity curve in a
carotid volume of interest(VOI). After calculating a convolution integral, the analytical solution
is completely described.

1. INTRODUCTION

The image-derived arterial input function (IDAIF) provides data that are similar to arterial
blood input methods and can be used to noninvasively quantify the metabolic rate for glucose in
dynamic brain [18F] 2-fluor-2deoxy-D-glucose(FDG) in positron emission tomography (PET)
studies, according to previous studies [2, 5, 16, 24].

The aim of this study is to compute the IDAIF by non-linear regression from the time–activity
curve in a carotid volume of interest(VOI), in FDG PET dynamic brain studies. The IDAIF must
be chosen in order to solve the exact form of the system of two differential equations to describe
the dynamic behavior of the FDG tracer in brain dynamic PET studies.

FDG is a glucose analogue used to evaluate brain’s metabolic activity in vivo through
positron emission tomography with computed tomography (PET/CT). The irreversible two-
compartment model for FDG is used for description of this tracer, which is first entering a free
compartment, C1, and is then metabolized irreversibly in the second compartment C2 [9, 8].
In order to determine the parameters of the model, information on the tracer delivery is needed
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in the form of the input function that represents the time-course of tracer concentration in the
arterial blood or plasma. We use the Heaviside function to represent the IDAIF, because the
transport of FDG across the arterial blood is very fast in the first few minutes and then slowly
decreases. The Laplace transform method determines the analytical solution for the FDG two-
tissue irreversible compartment model, with only approach is the IDAIF.

Older adults with exceptional memory ability are coined Superagers [6]. Their preserved
cognitive capacities with aging may help uncover neuromechanisms of dementia. These indi-
viduals showed whole-brain volume similar to middle-aged individuals and some areas thicker
than usual agers [6, 19, 18]. Intriguingly, they also exhibited decreased atrophy rate when com-
pared to normal older adults [3]. To our knowledge, their brain functional integrity is yet to be
uncovered.

Data used in this work was obtained from the Superagers project at the Instituto do Cérebro
(InsCer/BraIns) at Pontifical Catholic University of Rio Grande do Sul (PUCRS) on a healthy
51-year-old, community-dwelling woman underwent FDG PET/CT imaging.

2. THE PROPOSED METHOD FOR TWO-TISSUE IRREVERSIBLE COMPARTMENT
MODEL

The mathematical model for the FDG irreversible two compartment model is expressed by
the system of two differential equations:

d

dt
C1(t) = K1Ca(t)− ( k2 + k3 )C1(t)

d

dt
C2(t) = k3 C1(t)

C1(0) = 0 , C2(0) = 0 , Ca(0) = 0,

(1)

where Ca(t) is IDAIF considered to be known, C1(t) and C2(t) are, respectively, the concentra-
tion within the nondisplaceable and displaceable compartments and K1, and k2, k3 are positives
proportionality rates describing, respectively, the tracer influx into and the tracer outflow from
the compartment(transport constants).

We apply the Laplace transform with respect to t in (1), denoting

£ {Ci(t)} = Ci(s) =

∫ ∞
0

e−stCi(t) dt

and

£

{
dCk(t)

dt

}
= sCi(s)− Ci(0) .

We obtain, with C1(0) = 0 and C2(0) = 0 , an algebric system:
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( s+ k2 + k3 )C1(s) = K1Ca(s)

− k3C1(s) + s C2(s) = 0 .
(2)

Now we apply the inverse Laplace transform to equation (2)

Ci(t) = £−1
{
Ci(s)

}
.

Therefore, we obtain

C1(t) = £−1
{

K1Ca(s)

( s+ k2 + k3 )

}

C2(t) = £−1
{

k3C1(s)

s

}
.

(3)

Then,

C1(t) = K1£
−1
{

1

( s+ k2 + k3 )

}
∗ £−1

{
Ca(s)

}
C2(t) = k3 ∗ £−1

{
C1(s)

}
,

(4)

where ∗ denotes the convolution operation.
The representation (4) implies that

C1(t) = K1 e
−( k2+k3 ) t ∗ Ca(t) = K1

∫ t

0

e−( k2+k3 ) (t−u) Ca(u) du

C2(t) = k3 ∗ C1(t) = k3

∫ t

0

C1(u) du .

(5)

Then, with λ = k2 + k3 > 0, the analytical solution of the irreversible two compartment
model for FDG (1) is

C1(t) = K1 e
−λ t

∫ t

0

eλu Ca(u) du

C2(t) = k3

∫ t

0

C1(u) du .

(6)

It is important now to choose a suitable model to represent the the input function Ca(t),
which makes it possible to calculate the integral

I =

∫ t

0

eλu K1Ca(u) du . (7)
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3. CAROTIDS IMAGE-DERIVED ARTERIAL INPUT FUNCTION (IDAIF)

The dynamics of the radiotracer in a reference region is governed by the differential equation
[20, 7]

dCr
dt

= K
′

1Ca(t)− k
′

2Cr(t)

Cr(0) = 0

(8)

where Ca(t) is the concentration of the radiotracer in the arterial blood, Cr(t) is the concentra-
tion of the radiotracer in the reference region and K1

′ > 0 and k2′ > 0 are proportionality rates
describing, respectively, the tracer influx into and the tracer outflow from the reference tissue.

Then, Ca(t), the IDAIF,is given by

Ca(t) =
1

K
′
1

dCr
dt

+
k

′
2

K
′
1

Cr(t) (9)

The effective dose injected can be calculated as:

Ca(0) = Ci
ae
− ln2

t1/2
(t0−ti) − Ce

ae
− ln2

t1/2
(te−t0)

(10)

where Ci
a is the dose measured before injection at time ti, Ce

a is the residual dose after injection
measured at time te, and t1/2 is the half-time of the tracer.

Figure 1. Healthy Brain - FDG PET: axial orientation.

We need to consider that the transport of FDG across de arterial blood is very fast in the first
few minutes and then decreases slowly. We estimate the arterial input function in three stages
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Figure 2. FDG PET: axial, coronal and sagittal orientation.

and solve nonlinear regressions. First we approximate Cr(t) by means of nonlinear regression
of the data obtained from a TAC curve on a Positron Emission Tomography(PET) image, as
piecewise function

Cr(t) = (H(t− t0)−H(t− t1))Crf (t) + (H(t− t1)−H(t− t2))CrI(t) +H(t− t2)Crs(t),

where Crf (t), CrI(t) and Crs(t) are the concentration of the radiotracer on the reference region,
respectively, for the fast, intermediate and slow stage. H(t) is the Heaviside function defined
by

H(t− a) =
{

0, t < a,
1, t ≥ a.

(11)

H(t− a)−H(t− b) =
{

0, t < a and t ≥ b,
1, a ≤ t < b.

(12)

4. NUMERICAL RESULTS

A 51-year-old, community-dwelling woman underwent PET/CT imaging with Fluorodeoxi-
glucose (FDG), Figure 1 and Figure 2.The calibrated dose in Syringe was 284160kBqcc and the
remainning dose was 39035kBcc. Her Mini-Mental State Examination score was 28, she scored
13 words in a delayed-recall memory (Rey Auditory-Verbal Learning Test) and had normal flu-
ency and working memory abilities, according to her age and education. Her clinical evaluation
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was normal and lacked any history or structural evidence of neurological or psychiatric disease
or use any type of medication.

Figure 3. Left and right carotid arteries identified on the fifth frame on the positron emission
tomographic(PET).

We manually define Volumes-of-Interest (VOIs), illustrated in Figure 3 and Figure 4, using
PMOD, a biomedical image quantification software. VOIs are built from planar polygons called
contours (CTR), with axial orientation. Use the mouse wheel, or the slices slider, to scroll to
the axial three slices , and outline the right carotid there similarly. The R carotid VOI now
consists of 3 ROIs, each containing 1 CTR. For those VOIs,over which the left and right carotid
arteries where clearly visible, is defined discrete time activity curves(TACs) and is generated
the average TAC. Afther this we apply regression techniques, [1], and we obtain:

• whit correlation coefficient 0.99, the linear as the best model for Crf (t) :

Crf (t) = 1022.51 ∗ t ;

• whit correlation coefficient 0.98 ,the saturation growth-rate model as the best model for
CrI(t) :

CrI(t) =
7612.38 t

−25.10 + t
;
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Figure 4. Left and right carotid arteries volumes of interest(VOI) defined manually.

• whit correlation coefficient 0.95, the saturation growth-rate model as the best model for
Crs(t) :

Crs(t) =
8113.45 t

−24.84 + t
.

We approximate Cr(t) by means of nonlinear regression of the data obtained from a TAC
curve on a Positron Emission Tomography(PET) image, as piecewise function

Cr(t) = (H(t−.0005)−H(t−32.5))Crf (t)+ (H(t−32.5)−H(t−85))CrI(t)+H(t−85)Crs(t),

where Crf (t), CrI(t) and Crs(t) are the concentration of the radiotracer on the reference re-
gion, respectively, for the fast, intermediate and slow stages and H(t) is the Heaviside function
defined in Eq.(11).

The Carotid fitted, TAC Cr(t), is shown in In Figure 5 and the IDAIF Ca(t) in Figure 6,
obtained using MAPLE to solve equation (9).
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Figure 5. Discrete and Fitted Carotid Time Active Curve.

Figure 6. Discrete and Fitted Carotid Time Active Curve and The Input Function.
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5. FINAL CONSIDERATIONS AND FUTURE WORKS

This study describe a non-invasive method of estimation of the input function in the FDG
positron emission tomography(PET) dynamic brain. The main contribution is that we used the
Heaviside function to represent the image derived carotid arterial input function as piecewise
function which allows you to calculate the exact solution of the two-tissue reversible compart-
ment model. The only approach is to determinate the arterial input function.

As future work,in thirty older adults of the BraIns superagers project, we would like: to ap-
ply this carotid IDAIF results in PET imaging in the diagnosis of Alzheimer’s disease; to com-
pare with data from a PET image scan to determine the dynamics of the radiotracer [11C]PIB
using cerebellum IDAIF; to quantify amyloid with Laplace transform applied a two-tissue re-
versible compartment model.
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